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Within one loop approximation, the renormalization group analysis of the Higgs boson mass is






which is presented in the new scheme
of our noncommutative dierential geometry for the reconstruction of the standard model. This












= 3=8 is obtained under same conditions. However, contrary
to SU(5) GUT without supersymmetry, the grand unication of coupling constant is not realized
in this scheme. The physical mass of the Higgs boson considerably depends on the top quark
mass m
top
since the top quark Yukawa coupling constants gives a large negative contribution to 
function of the Higgs quartic coupling constant in wide range. The Higgs boson mass varies from
153.42GeV to 191.94GeV corresponding to 168GeV  m
top





= 175GeV and m
H














2; 3;   ) ; Minkowski space multiplied by several points space allows one to regard the Higgs eld as the gauge eld on
the same footing as the ordinary gauge eld. A number of articles in various versions of NCG [1]- [13] have conrmed
this fact by reconstructing the standard model and the grand unied theory (GUT) [3], [7], [8] without any theoretical
and experimental contradictions. This is because the NCG approach to understand the Higgs mechanism apparently
shows the reason for the existence of the Higgs boson eld and, in addition, it does not requires any other extra
physical mode except for those in the standard model and GUT.
The bosonic Lagrangian of the spontaneously broken gauge theory derived from the NCG approach has the re-
strictions on the gauge and the Higgs quartic coupling constants. These restrictions yield the numerical estimate of
the Weinberg angle and the mass relation between the Higgs boson and other particle such as gauge boson and top
quark, though these relations hold only in tree level. Several works have been done [11], [12] to estimate the quantum
eects of these relations by assuming them to hold at some renormalization point. Shinohara, Nishida, Tanaka and







for the Higgs boson and top quark, which was proposed by Sogami [13] in a variant of NCG
with the generalized covariant derivative with gauge and Higgs boson elds operating on the total fermion eld.
Since Connes proposed the rst idea [1] concerning NCG, many versions of the NCG approach [2]- [13] have appeared
to understand the Higgs mechanism, among which the present author [6], [7] has also proposed a characteristic
formulation of NCG. Our formulation of a NCG is a generalization of the usual dierential geometry on an ordinary




. The reconstruction of SO(10) GUT [8] and left-right symmetric gauge




, the extra dierential
one-form  in Z
2




, and therefore our formulation is very





are used to describe the generalized gauge eld. In a NCG, the gauge and the Higgs boson elds are given
as coecients of dx





, respectively. However, there is no symmetry
to mix dx

and , and, therefore, the ordinary gauge eld can not be transformed to the Higgs boson eld. In
Ref. [10], three generations of fermions including left and right-handed quarks and leptons and the strong interaction
are incorporated in a new scheme of our NCG to reconstruct the standard model. By setting coupling constants
on the y = + and y =   planes with an argument y(= ) in Z
2





























gauge coupling constants. In other version of NCG including Sogami's approach [13],
the mass relation between the Higgs boson and top quark is presented, whereas ours is the mass relation between
the Higgs and charged gauge bosons. This is because the Yukawa coupling constants written in matrix form in the
generation space are not contained in the generalized gauge eld in our formulation.
This article consists of ve sections. The next section presents the brief review of our new scheme of a NCG in Ref.
[10] which incorporates the strong interaction. In the third section, the reconstruction of the standard model based on
the new scheme of our NCG presented in the second section is reviewed. A characteristic point is to take the fermion
eld to be a vector in 24-dimensional space containing color and three generations indices. The fourth section, the












and U(1) gauge coupling constants. The
last section is devoted to concluding remarks.




We review our previous formulation [10] proposed to reconstruct the standard model in which three generations of
left and right-handed quarks and leptons are taken into account and also the strong interaction is incorporated. A
characteristic point of this formulation is to take the left and right-handed fermions  (x; y) with arguments x and



































































































where subscripts L and R denote the left-handed and right-handed fermions, respectively and superscripts r, g and
b represent the color indices. It should be noticed that  (x; y) has the index for the three generation and so do the
explicit expressions for fermions on the right hand sides of Eq.(2.1). In the strict expressions, u; d;  and e in Eq.(2.1)





























respectively. Thus,  (x;) is a vector in the 24-dimensional space. In order to construct the Dirac Lagrangian of
standard model corresponding to  (x;) in Eqs.(2.1), we must need 24-dimensional generalized covariant derivative




. This is achieved by developing a NCG on the discrete space in the
follows.

























(x; y) and b
j


















correspond with color gauge eld. i and j are variables of the extra internal space which we can not now identify. d
in Eq. (2.3) is the generalized exterior derivative dened as follows.






































is ordinary one-form basis, taken to be dimensionless, in Minkowski space M
4
, and  is the one-form basis,
assumed to be also dimensionless, in the discrete space Z
2






















just in the same form as in Eq.(2.5). The operator @
y
is a dierence operator on the discrete space with the modication




(x; ) are in general square matrices with dierent









have introduced x-independent matrix M(y) whose hermitian conjugation is given by M(y)
y
= M( y). The matrix
M(y) determines the scale and pattern of the spontaneous breakdown of the gauge symmetry. Thus, Eq.(2.8) means
that the color symmetry of the strong interaction does not break spontaneously.
In order to nd the explicit forms of gauge and Higgs elds according to Eq.(2.3), we need the following important
algebraic rule of non-commutative geometry.
f(x; y) = f(x; y); (2.11)
where f(x; y) is a eld dened on the discrete space such as a
i
(x; y), gauge eld, Higgs eld or fermion elds. It
should be noticed that Eq.(2.11) does not express the relation between the matrix elements of f(x;+) and f(x; )
but insures the product between the elds expressed in dierential form on the discrete space. Using Eq.(2.11) and
some other algebraic rules in Eqs.(2.4)-(2.8), A(x; y) is rewritten as

























































(x; y), (x; y) and G

(x) are identied with the gauge eld in the avor symmetry, Higgs elds, and the color
gauge eld responsible for the strong interaction, respectively.
In order to identify A

(x; y) and G
























is a constant related to the coupling constant of the strong interaction.
Before constructing the gauge covariant eld strength, we address the gauge transformation of a
i
(x; y) and b
j
(x)



















(x; y) and g
c
(x) are the gauge functions with respect to the avor unitary group and the color SU(3)
c
group,
respectively. It should be noticed that g
c
(x) can be taken to commute with a
i
(x; y) and M(y) and at the same time
g
f




(x; y) and g
c
(x) commute with each other. Then, we obtain the gauge
transformation of A(x; y) to be
3
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where use has been made of Eq.(2.3) and Eq. (2.18), and as in Eqs.(2.5) and (2.6),
dg
f











with the operator @
y
dened in Eq.(2.9). Using Eqs.(2.19) and (2.20), we can nd the gauge transformations of gauge


























































Equation(2.22) is very similar to two other equations and so it strongly indicates that the Higgs eld is a kind of
gauge eld on the discrete space. From Eqs.(2.20) and (2.22) it is rewritten as

g
(x; y) +M(y) = g
 1
f
(x; y)((x; y) +M(y))g
f
(x; y); (2.24)
which makes it obvious that
H(x; y) = (x; y) +M(y) (2.25)
is un-shifted Higgs eld whereas (x; y) denotes shifted one with the vanishing vacuum expectation value.




which yields together with Eqs.(2.4)-(2.8) the nilpotency of the generalized exterior derivative d;
d
2









)f(x; y) = 0 (2.27)
with the condition dx

^ =  ^ dx

. In proving the nilpotency, the following rule must be taken into account that
whenever the d

operation jumps over M(y), minus sign is attached, for example
d










With these considerations we can construct the gauge covariant eld strength.
F(x; y) = F (x; y) + G(x); (2.29)
where F (x; y) and G(x) are the eld strengths of avor and color gauge elds, respectively and given as
F (x; y) = dA(x; y) +A(x; y) ^ A(x; y);
G(x) = dG(x) + g
s
G(x) ^G(x); (2.30)






(x; y) ^ da
i









because of the nilpotency of d and d. We can easily nd the gauge transformation of F(x; y) as
F
g
(x; y) = g
 1
(x; y)F(x; y)g(x; y); (2.31)




(x). The algebraic rules dened in Eqs.(2.4)-(2.11) and (2.26) yield
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V (x; y) = ((x; y) +M(y))((x; y)
+M( y))  Y (x; y): (2.35)
Y (x; y) in Eq.(2.35) is auxiliary eld and expressed as




























































< ;  >=  1 (2.38)































































is a constant relating to the coupling constant of the avor gauge eld and Tr denotes the trace over internal
symmetry matrices including the color, avor symmetries and generation space. The third term on the right hand
side is the potential term of Higgs particle.
The fermion sector of the standard model was also reconstructed in Ref. [10]. However, it is not presented in this
article because it is not necessary to perform the RG analysis. With these preparations, we can apply the formulation
in this section to reconstruction of the Yang-Mills-Higgs Lagrangian in the standard model.
5
III. RECONSTRUCTION OF STANDARD MODEL
According to a NCG in the previous section, the standard model is reconstructed. This section is also the review
of Ref. [10]. The gauge elds A

(x; y) and G

(x) in the covariant derivative must be the dierential representation of
the fermion elds in Eqs.(2.1) and (2.2) and, therefore, they are expressed in 2424 matrices. The Higgs eld (x; y)
is also taken to give the correct Yukawa interaction in the Dirac Lagrangian and expressed in the 24 24 matrix. We
specify A

(x; y); (x; y) and G



































and U(1) gauge elds, respectively and so 
k
is the Pauli matrices. 1
3
represents the
unit matrix in the generation space and a is the U(1) hypercharge matrix corresponding to  (x;+) in Eq.(2.1) and
expressed as






























where b is the U(1) hypercharge matrix corresponding to  (x; ) in Eq.(2.1) and so it is 8  8 diagonal matrix
expressed in












































is 4 4 matrix made of the Gell-Mann matrix 
a







































































It should be noted that G

is taken so as to commute with A

(y) and (y). With these specications, all quantities




























































































































































































































minus one. V (x; y) in Eq.(2.35)
is expressed in


















































where use has bendequationn made of Eq.(2.16).
Putting above equations into Eq.(2.39) and rescaling gauge and Higgs elds we can obtain Yang-Mills-Higgs la-





































































































































































































































































































= 3=8 which is the


















as in Eq.(3.28), and so g
c
does not necessarily coincide with the SU(2)
L
gauge coupling constant g.
Thus, contrary to SU(5) GUT without supersymmetry , the grand unication of coupling constants is not realized in
the present scheme. In the next section, in order to predict the physical Higgs mass, we will perform the RG analysis










(t) with the running
coupling constans.
IV. NUMERICAL ESTIMATION OF THE HIGGS MASS
In order to perform the RG analysis, the renormalizable Lagrangian is necessary. We have the Yang-Mills-Higgs
Lagrangian of the standard model expressed in Eq.(3.20). However, it has the special restriction on the gauge
couplings and the Higgs quartic coupling which yield the mass relation for the Higgs and gauge bosons. In a sense,
the restriction on coupling constants is an obstacle for renormalizability. Thus, we consider that the NCG approach
provides the Lagrangian at some renormalization point. The more general Lagrangian is obtained by adding the term
for the Higgs potential considered by Sitarz. He dened the new metric g

with  and  running over 0; 1; 2; 3; 4
by g


































= fTrV (x; y)g
y
fTrV (x; y)g (4.1)
can be added to Eq.(3.20). This procedure gives rise to the Lagrangian without any restriction on Higgs quartic
coupling constants. In this article, we assume that this Sitarz term vanishes at a point that Eqs.(3.26)-(3.28) hold and
8






as an initial condition which




in Eq.(3.26). In this context, the way to obtain the BRST invariant
Lagrangian of spontaneously broken gauge theory in NCG has already presented by Ref. [14] and [15], which includes
the Fadeef-Popov ghosts and Nakanishi-Lautrup eld for the gauge xing. Thus, we can obtain the  functions for
various coupling constants in the standard model just as already done. [16]
Shinohara, Nishida, Tanaka and Sogami [12] have estimated the Higgs boson mass by changing the renormalization
point 
0











the upper side for large values of 
0
. Following Shinohara and co-workers, the RG equations for coupling constants
and the vacuum expectation value of the Higgs eld are used to estimate the physical Higgs boson mass. In our






holds is determined by looking for the point








































































































with the generation number n
f


















































































































in Eq.(4.8) are the Yukawa coupling constants written in 3 3 matrices for the lepton, up quark and
down quark sectors, respectively. In view of the large top quark mass in the low energy region, we now assume the
top quark dominance in the evaluation of traces with respect to the Yukawa coupling constants in Eq.(4.8). In this
approximation, 
H






































































































The RG equations for 
i
(i = 1; 2; 3) in Eq.(4.3) are analytically solved for n
f








































where t = log(=
0
). By use of these solutions, the RG equation for 
Y
can be solved to be

Y























































with the condition F (0) = 1.
Masses of all particles in the standard model are introduced by the vacuum expectation value v of the Higgs eld.










































































with the same approximation as in the equations for coupling constants. It should be noted that all variables in
Eqs.(4.18)-(4.20) depend on t = log(=
0
).









































with t = log(=
0
). In these RG equations, we take the renormalization point 
0
to be the neutral gauge boson
mass m
Z
= 91:187GeV [17]. Thus, we must determine the gauge coupling constants in Eqs.(4.13)-(4.15) and v(0) in
Eq.(4.21) at  = m
Z
. They takes the values [17]

1
(0) = 0:017; 
2
(0) = 0:034; 
3





























). This equation along with Eqs.(4.16), (4.17) and (4.22) xes the numerical value of 
Y
(0)
which depends on the physical mass m
top
.
















































The physical Higgs boson mass m
H



















Top quark mass m
top
reported by particle data group [17] is given as
m
top
= 180 12GeV: (4.29)
We investigate the Higgs boson mass by varying the top quark mass in the range of Eq.(4.29). Fig.1 shows the running
Higgs boson mass for the top quark mass 180GeV. The intersection of two functions y = m
H
(t) and y = m
Z
exp (t)
indicates the position of the physical Higgs boson mass m
H
, which gives m
H
= 171:92GeV. Fig.2 shows the relation
of the Higgs boson and top quark masses in which the top quark mass varies from 168GeV to 192GeV according to
the experimental data in Eq.(4.29). Corresponding to the variation of top quark mass, the Higgs boson mass varies










Fig.1: t = log(=m
Z
) and a curve of y =
m
H
(t) shows the running Higgs boson mass
numerically calculated according to Eq.(4.27).
An intersection of two curves indicates the po-
sition of the physical Higgs boson mass from











Fig.2: This gure shows the relationship be-
tween the Higgs boson and top quark masses.
Corresponding to the variation of top quark
mass, the Higgs boson mass varies from
153.42GeV to 191.94GeV.
V. CONCLUDING REMARKS







which was presented in the new scheme of NCG [10] for the reconstruction of the standard model.

















gauge coupling constants. However, it should be noted that
the color gauge coupling constant g
c
includes an additional parameter g
s
as in Eq.(3.28, and so g
c
does not necessarily
coincide with the SU(2)
L
gauge coupling constant g. Thus, contrary to SU(5) GUT without supersymmetry , the
grand unication of coupling constants is not realized in the present scheme. In solving the RG equation we use
these relations as initial conditions not inconsistent with the current observation of the grand unication of coupling
constants.
The numerical mass of the Higgs boson considerably depends on the top quark mass since the top quark Yukawa
coupling constants 
t
gives a negative contribution to 
H
in the range of  2:0  t  25 in Eq.(4.9). We have the






at t = 25:431 and the calculation has performed down to t =  2. The
larger top quark mass is, the larger Higgs boson mass we have as in Fig.2. If we adopt 180GeV as top quark mass,
the Higgs boson mass becomes 171.92GeV which is smaller than that predicted by Shinohara and co-worker. If we
use the data reported by Dawson [19], m
H
= 164:01GeV for m
top
= 175GeV. Generally speaking, the NCG approach







is with respect to gauge and Higgs boson masses, whereas other version of NCG [4], [11]
including Sogami's approach [13] present the mass relation between the Higgs boson and top quark. This is because
the Yukawa coupling constants written in matrix form in the generation space are not contained in the generalized
gauge eld in our formulation. This aspect is a characteristic point of our approach compared to others. This is due










. This leads to the meaningful Higgs
potential even in one fermion generation and the mass relation for the Higgs and gauge bosons. Therefore, we predict
relatively small Higgs boson mass as seen in this article.
Calculations have performed within one loop approximation and top quark dominance is assumed in the whole
range of t = log(=m
Z
) in the RG equations for  functions. Though there are fairly uncertainties with respect to
Yukawa coupling constants for three generations of fermions, it is very interesting to analyze the RG equations for
the Higgs boson mass in two loop approximation. This will be attempted in future work.
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Figure Captions
FIG. 1. t = log(=m
Z
) and a curve of y = m
H
(t) shows the running Higgs boson mass numerically calculated according




FIG. 2. This gure shows the relationship between the Higgs boson and top quark masses. Corresponding to the variation
of top quark mass, the Higgs boson mass varies from 153.42GeV to 191.94GeV.
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